We define homological quantum field theories HLQFT and construct several examples of it. Our definition is based on the concepts of string-brane topology introduced by Chas and Sullivan and homotopy quantum field theories introduced by Turaev.
cobordisms provided with homotopy classes of maps into a given topological space. A homotopy quantum field is a monoidal functor from this generalized category of cobordisms into vector spaces. In order to define homological quantum field theories we first introduce the notion of cobordisms provided with homology classes of maps into a fixed compact oriented smooth manifold. Next, we defined a HLQFT as a monoidal functor from that category of extended cobordisms into the category of vector spaces. In contrast with Turaev's definition, we demand that the maps from cobordisms to the fixed manifold be constant on each boundary component. This is a major technical restriction which is necessary in order to define composition of morphisms using transversal intersection on finite dimensional manifolds. Without imposing this restriction one is forced to deal with transversal intersections on infinite dimensional manifolds, a rather technical subject that we prefer to avoid in this paper. quantum field theory One of the main themes of this paper is an effort to work at the chain level instead of working at the homological level. This aim motivated us to introduce two new techniques: in Section 2 we study the notion of transversal categories over non-symmetric operads following ideas of Kriz and May [12] on partial algebras over operads. This definition allows us to deal in a fully rigorous way with the fact that intersection of chains is only well defined for transversal pairs. In Section 3, we present a reformulation of singular homology using manifolds with corners instead of simplices as the possible domain for chains. This construction is motivated by the observation that the transversal intersection of chains with simplicial domain is in a natural way a chain having as domain an appropriated manifold with corners. In Section 4, we extend some basic results on transversal intersection from the context of smooth manifolds to the context of manifolds with corners. In Section 5 we introduce the notion of transversal d-algebras, which is based upon the notion of d-algebras introduced by Kontsevich in [11] . We show the following remarkable A different proof of Corollary 19 using the cactus operad has been given by Voronov in [7] , [25] . In Section 6 we introduce several notions such as transversal traces with values in a right Omodule for an operad O, transversal d-categories, and C(M S(Y ) ) the dg-precategory of chains of p-branes of type Y. We prove Theorem 27. C(M S(Y ) ) is a transversal 1-category which admits a natural C(S 1 )-trace. Theorem 27 generalizes Theorem 18 of the Section 5. Section 7 contains our main result: we introduce the notion of the homological quantum field theory, which in a sense, extend all the results of the previous sections; we also give examples HLQFT. We remark that our main example is abelian in nature, in order to go to the non-abelian case it seems necessary to use gerbes.
Transversal categories
Let us fix a field k of characteristic zero. We denote by dg-vect the category of differential Z-graded k-vector spaces. Objects in dg-vect are pairs (V, d), where V = i∈Z V i is Z-graded k-vector space and d = i∈Z d i : V → V is such that d i : V i → V i−1 and d 2 = 0. We denoted by S n the permutation group on n-letters. S n acts naturally on V ⊗n for any vector space V.
Definition 1.
A dg-precategory C consists of following data a. A collection of objects Ob(C).
b. For any given x, y ∈ Ob(C) a space C(x, y) ∈ Ob(dg-vect), called the space of morphisms from x to y.
A prefunctor F : C → D from dg-precategory C to dg-precategory D consists of a map F : Ob(C) → Ob(D) and collection of morphisms in dg-vect F x,y : C(x, y) → D(F(x), F(y)) for all x, y ∈ Ob(C). For a dg-precategory C we define the precategory H(C) as follows: Ob(H(C)) = Ob(C), and for objects x, y ∈ Ob(H(C)), H(C)(x, y) = H(C(x, y)). Notice that if C is a category, then H(C) is also a category.
Definition 2.
A domain C ⋆ in a dg-precategory C consists of the following data
This data should satisfy the following properties
is a quasi-isomorphism, i.e., the induced map
We think of C(x 0 , · · · , x n ) as the subspace of
Axioms a., b. and c. of Definition 2 means that any 0 or 1-tuple is automatically transversal, and for n ≥ 2, that any closed n-tuple in n i=1 C(xi−1, xi) is homologous to a closed transversal n-tuple. Axiom d. of Definition 2 means that any subsequence of a transversal sequence is transversal. Let C be a symmetric monoidal category with product ⊗ and unit object k. A non-symmetric operad O consists of a sequence O = {O(n)} n≥0 , of objects of C, an unit map η : k → O(1), and maps
for k ≥ 1 and n s ≥ 0, such that n s = n. The maps γ k are required to be associative, and unital. If in addition a right action by the symmetric group S n on O(n) is given and the maps γ n are equivariant, then we say that O is an operad. Details are explained in [15] . Definition 3. Let O be a non-symmetric operad in dg-vect and C be a dg-precategory. The dg-precategory C is said to be a partial or transversal O-category if the following data is given
This data should satisfy the following axioms
, shuffling, and applying θ ⊗k , factors through
Proof. One can see that if O is a dg-operad, then H(O) = {H(O(n))} n≥0 is an operad. Indeed, it follows from the Künneth formula and functorality that the maps
which give H(O) the structure of an operad. If C is a partial O-category, then the morphisms
is an isomorphism, the diagonal map above provides an structure of an H(O)-algebra on H(C).
Notice that the concept of transversal O-algebra may be deduced from that of a transversal O-category as follows: a dg-vect A is a transversal O-algebra if and only if the precategory C A with only one object p, such that C A (p, p) = A, is an O-category. If C is a transversal O-category, with only one object p, then H(C(p, p)), is a transversal H(O)-algebra. If O is an operad we demand that the maps O(n) ⊗ A n → A be S n -equivariant.
Homology using manifolds with corners
We review the notion of manifolds with corners, following the approach of Melrose [16] . For 0 ≤ k ≤ n, H n k denotes the subspace of R n given by
it is a homeomorphism with inverse g : V 2 → V 1 and the components of f and g are smooth maps. Let M be an Hausdorff topological space. M is called an n-manifold with corners if it is locally homeomorphic to H n k for some 0 ≤ k ≤ n, that is, there exists an open cover U = {U i } i∈Λ of M such that for each i ∈ Λ, there is a map ϕ i :
. We call (ϕ i , U i ) a chart with domain U i ; the set of charts Φ = {(ϕ i , U i )} i∈Λ is an atlas. Two charts (ϕ i , U i ), (ϕ j , U j ) are said to have a smooth overlap if the coordinate changes
are smooth maps. An atlas Φ on M is called smooth if every pair of its charts have smooth overlaps. There is a unique maximal smooth atlas which contains Φ. A maximal atlas Φ on M defines a smooth differential structure an M. The pair (M, Φ) is called a n-manifold with corners. The smooth strata of H n k are given for 0 ≤ l ≤ k by
Notice that
where
For a manifold with corners M we set
One can check that M = 0≤l≤n ∂ l M and that each ∂ l M is a smooth submanifold of M. A manifold with corners M is said to be smooth if M = ∂ 0 M. We denote by X the C-vector space generated by set X. Given an oriented manifold M we define the graded vector space
where for i ∈ N, C i (M ) denotes the complex vector space
We recall that for an oriented manifold M, −M denotes the same manifold provided with the opposite orientation.
, where the sum ranges over the connected components of ∂ 1 K x provided with the induced boundary orientation and x c denotes the restriction of x to the closure of c.
Proof. Denote by C sing (M ) the singular chains on M using simplices a domains. There is an obvious inclusion i : C sing (M ) → C(M ). The map i is quasi-isomorphism since any manifold with corners may be triangulated and thus any chain in C(M ) is homologous to a chain in C sing (M ).
Transversal intersection of manifolds with corners
Lemma 8. Let M and N be manifolds with corners then M × N is also a manifold with corners. Moreover if
Definition 9. Let N 0 (N 1 ) be a n 0 (n 1 )-manifold with corners and M be a smooth oriented manifold. Let f 0 : N 0 → M and f 1 : N 1 → M be smooth maps. We say that f 0 and f 1 are transversal, and write
Lemma 10. Let M be a smooth n-manifold and f = (f 1 , · · · f s ) : M → R s a smooth map with regular value (0, · · · , 0). Then {x ∈ M | f i (x) ≥ 0, i = 1, · · · , s} is a manifold with corners.
is a open subspace of M, thus it is a smooth manifold. Let x ∈ M be such that f (x) = 0. Since 0 is a regular value of f then, locally, f is equivalent to the a submersion π n s :
Theorem 11. Let M be a smooth m-manifold and N be a n-manifold with corners. Let f : N → M be a smooth map and i : P ֒→ M be a p-smooth embedded submanifold of M . If f ⋔ i, then f −1 (P ) is a submanifold with corners of N.
Proof. The smooth map f | ∂ 0 (N ) is transversal to i, thus f −1 (P ) ∩ ∂ 0 (N ) is a smooth manifold of codimension m − p. Consider x ∈ f −1 (P ) ∩ ∂ k (N ), and denote by l a submersion from a neighborhood of f (x) in M to R m−p , such that in this neighborhood P = l −1 (0). Choose a local parametrization h : U → N around x where U is an open subset of H n t 0 ≤ k ≤ t ≤ n, and set g = l • f • h. Since h is a diffeomorphism, the set f −1 (P ) is a manifold with corners in a neighborhood of x if and only if (f • h) −1 (P ) = g −1 (0) is a manifold with corners near
implies that x is a regular point of l • f, i.e., that g is regular at y. Since g is smooth then it can be extended to a smooth map G on a neighborhood of y in R n . As dG = dg, G is also regular at y and thus G −1 (0) is a smooth submanifold of R n in a neighborhood of y. Since g −1 (0) = G −1 (0)∩H n t in a neighborhood of y, we must show that G −1 (0)∩H n t is a manifold with corners in a neighborhood of y. Consider the projection by π = (π 1 , · · · , π t ) :
Making a further change of variables we may assume that the linear relation is d z π 1 = 0. The fact that d z π 1 is zero on T z (G −1 (0)) means that the first coordinate of every vector in
) is the restriction of d z g : R n → R to R n−1 . Since the kernel of dg is contained in R n−1 , then the linear maps dg : R n → R 1 and d(∂ {1} g) : R n−1 → R must have the same kernel. The transversality hypothesis implies that both maps are surjective; so the kernel of dg has dimension n − 1 whereas the kernel of d(∂ {1} g) has dimension n − 2, which is a contradiction. Lemma 10 finishes the proof of Theorem 11.
Lemma 12. Let K x and K y be manifolds with corners and M be a smooth oriented manifold. If x : K x → M and y : K y → M are transversal smooth maps, then
Proof. By Lemma 8, K x × K y is a manifold with corners. Since x ⋔ y, the map x × y : 
Transversal d-algebras
given by T a,r (x) = rx + a, where 0 < r < 1 and a ∈ D d . For n ≥ 0, let us introduce topological spaces
Notice that the disc with center a and radius r is obtained as the image of the transformation T a,r applied the standard disc D d . The little disc operad was introduced by J. M. Boardman and R. M. Vogt [3] , and Peter May [14] .
is the topological operad with the following structure We denote by C(M
) the complex vector space generated of all chains x :
We also denote by e the induced map e :
given by e(c) = a x e(x), for c = a x x, a x ∈ C. The n-diagonal map ∆ n : M ֒→ M ×n is given by ∆ n (m) = (m, . . . , m) for all m ∈ M. Given chains
. . , n, we consider the map e(x 1 , . . . , x n ) : 1 (c 1 )) , . . . , e(x n (c n ))) Clearly e is a smooth map and thus according to Theorem 11, if e(x 1 , . . . , x n ) ⋔ ∆ n then
is a manifold with corners.
Proof. We check axioms a., b., c. and
By Sard's lemma any chain (x1, · · · , xn) :
×n is homologous to a chain Our next result provides a natural algebraic structure on C(M S d ).
Theorem 18. The differential graded complex vector space C(M S d ) is a transversal d-algebra.
Proof. Introduce maps θ n :
, and x i ∈ C(M S d ) for 1 ≤ i ≤ n, θ n (x; x 1 , . . . , x n ) has domain K θn(x;x 1 ,...,xn) = K x × e −1 (∆ n ) where e −1 (∆ n ) is given by (1) . c ∈ K x we let x(c) be given by x(c) = (T p 1 (c),r 1 (c) , · · · , T pn(c),rn(c) ). The map θ n (x; x 1 , . . . , x n ) :
is such that for all (c; c
We check axioms a., b. and c. of Definition 3. We need to check that θ 1 (1; x 1 ) = x 1 , where 1 denotes the chain 1 : 
We must show that θ n 1 (y 1 ;
In other words we must check that given c s ∈ K θn s (ys;
Assume in addition that c s = (a s ; b m s−1 +1 · · · , b ms ), where a s ∈ K ys , b t ∈ K xt for m s−1 + 1 ≤ t ≤ m s and e(x t (b t )) = m. By definition the differential
is such that d cs e(θ ns ) = d bs e(x s ) on the appropriated domain. Equation (2) holds if and only if
Equation (3) We denote by N 1 ) ) the complex vector space generated by chains x :
be the maps given by e −1 (f ) = f (y, −1) ∈ N 0 , and e 1 (f ) = f (y, 1) ∈ N 1 . e i will denote the induced maps
Ni × Ni e(x1, . . . , x k )(c1, . . . , c k ) = (e1(x1(c1)), e−1(x2(c2)), e1(x2(c2)), . . . , e−1(x k (c k )))
We denote by
Since e is a smooth map then according to Theorem 11 if e(x 1 , . . . ,
is a manifold with corners. b.
denotes the following complex vector space:
given chains
) is similarly to Lemma 17.
as follows: given x ∈ C(D 1 (k)), and
The proof of axioms a., b., and c. of Definition 3 is similar to the proof of Theorem 18
We define − :
We shall use the induced map − : C(D 1 (n)) → C (D 1 (n) ). An interesting feature of the 1-category C(M S(Y ) ) is that it comes with a natural contravariant prefunctor r : C(M S(Y ) ) → C(M S(Y ) ) identical on objects and such that for
One can check that r satisfies the following identity
given by s(a; t 1 , · · · t n ) = (a; t n , · · · t 1 ), for a ∈ K x and t i ∈ K x i .
Traces over operads
Definition 24. A right C(D d )-module M consists of a sequence {M(n)} n≥0 in dg-vect together with maps
for k ≥ 0, that are associative and unital, see [13] for details.
We consider the space S 1 (n) of configurations of n little discs inside the unit circle. S 1 (n) is obtained from D 1 (n) by identifying the ends points of the interval [−1, 1]. In [13] it is shown that S 1 (n) is a right D 1 (n)-module in the topological category, thus the following result holds
Definition 26. Let C be an transversal 1-category. A C(S 1 )-trace over C is an dg-vect B together with maps
for any N 0 , · · · , N k−1 ∈ Ob(C). Such that the following diagram is commutative Proof. We define maps
We define maps:
Where (x; x 1 , . . . , x k ) denotes the chain with domain
The maps (x; x 1 , . . . , x k ) :
The proof continuous as is Theorem 18. 
Homological quantum field theory
The theory of cobordism was introduced by Rene Thom [20] . Based on the notion of cobordisms Michael F. Atiyah [1] and G. B. Segal [17] (see also [2] , [10] , and [22] ) introduced the axioms for topological quantum field theories TQFT and conformal field theories CFT, respectively. V. Turaev [23] introduced the axioms for homotopical quantum field theories. Essentially the axioms of Atiyah may be summarized as follows: 1) Considerer the monoidal category Cob n of n-dimensional cobordism. 2) Define the category of TQFT as the category MFunc(Cob n , vect) of monoidal functors F : Cob n → vect. Segal's definition of CFT may also be recast as a category of monoidal functors. We shall define the category HLQFT of homological quantum field theories as follows 1) Construct a 1-category C ob M n for each n ≥ 1 and compact oriented smooth manifold M. 2) Consider the associated category Cob 
Objects in C ob
M n are triples (N, f, <) where N is a compact oriented manifold of dimension n − 1, f : π 0 (N ) → D(M ) is any map, and < is a linear ordering on π 0 (N ). By convention the empty set is assumed to be a n-dimensional manifold for all n ∈ N.
n is the set of triples (P, α, ξ) such that 1) P is a compact oriented smooth manifold with corners of dimension n.
α| N i reverses the orientation, and α| No preserves the orientation.
3) ξ ∈ C(Map(P, M ) f i ,fo ), where Map(P, M ) f i ,fo is the set of all smooth maps g : P → M such that for c ∈ π 0 (N j ), ξ(a, ) is a constant map with value in f j (c) on an open neighborhood of c, for j = i, o. Thus ξ is a smooth map ξ : K ξ × P → M for some compact oriented manifold with corners K ξ .
If α ∈ Map(P M ) f i ,fo we define e i (α) ∈ C ob M n ((N 0 , f 0 , < 0 ), · · · , (N k , f k , < k )) is the set of all k-tuples {(P i , α i , ξ i )} k i=1 such that (P i , α i , ξ i ) ∈ C ob M n ((N i−1 , f i−1 , < i−1 ), (N i , f i , < i )) and for all 1 ≤ i ≤ j ≤ k the map e(ξ1, . . . , ξn) :
Ni × Ni e(ξ1, . . . , ξ k )(c1, . . . , c k ) = (eo(ξ1(c1)), ei(ξ2(c2)), eo(ξ2(c2)), . . . , ei(ξ k (c k ))) is transversal to Ω k = 
eo(ξi(ci)) = ei(ξi+1(ci+1))
Since e is a smooth map and e(ξ 1 , . . . , ξ k ) ⋔ Ω k then
is a manifold with corners. Given a ∈ C(I(k)), (P i , α i , ξ i ) ∈ C ob M n ((N i−1 , f i−1 , < i−1 ), (N i , f i , < i )) for 1 ≤ i ≤ k, the composition morphism a((P 1 , α 1 , ξ 1 ), · · · , (P k , α k , ξ k )) ∈ C ob M n ((N 0 , f 0 , < 0 ), (N k , f k , < k ))) is the triple (a(P 1 , · · · , P k ), a(α 1 , · · · , α k ), a(ξ 1 , · · · , ξ k )) where a(P 1 , · · · , P k ) = P 1
P k → M is given by a(ξ 1 , · · · , ξ k )((s, t 1 · · · , t k ), u) = ξ i (t i )(u) for any tuple (s, t 1 · · · , t k ) in K a × K ξ 1 × N 1 · · · × N k−1 K ξ k and u ∈ P i Figure 4 represents a n-cobordism enriched over M and Figure 5 shows a composition of ncobordism enriches over M. We conclude studding some of the functorial properties of the correspondence M → HLQFT(M, d). We denote by Oman the groupoid whose objects are compact oriented smooth manifolds and whose morphisms are orientation preserving diffeomorphisms. By Cat we denote the category of small categories. 
